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Abstract
In this note we study the difference equation
xn+1 = 1 + xn−1
xn
, n = 0,1, . . . ,
where initial values x−1, x0 ∈ (0,+∞), and obtain the set of all initial values x−1, x0 ∈ (0,+∞) such that
the positive solutions {xn}∞n=−1 of that equation converges to the unique equilibrium x = 2. This answers
the open problem 4.8.9 proposed by M.R.S. Kulenovic and G. Ladas in [M.R.S. Kulenovic, G. Ladas,
Dynamics of Second Order Rational Difference Equations, with Open Problems and Conjectures, Chapman
and Hall/CRC, 2002].
© 2006 Elsevier Inc. All rights reserved.
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M.R.S. Kulenovic and G. Ladas in [1] proposed the following open problem (also see open
problem 1 of [2]).
Open problem 4.8.9. For which initial values x−1, x0 ∈ (0,+∞) does the sequence defined by
xn+1 = 1 + xn−1
xn
, n = 0,1, . . . , (1)
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In this note we shall answer the above open problem. To do this we need the following lem-
mas.
Lemma 1. (See [1, Theorem 4.7.4].) Let {xn}∞n=−1 be a positive solution of Eq. (1). Then thefollowing statements are true:
(i) Suppose {xn}∞n=−1 consists of at least two semicycles. Then {xn}∞n=−1 converges to a prime
period-two solution of Eq. (1).
(ii) Suppose {xn}∞n=−1 consists of a semicycle. Then {xn}∞n=−1 converges monotonically to the
unique equilibrium x = 2.
Write E = (0,+∞) and define f :E × E → E × (1,+∞) by, for all (x, y) ∈ E × E,
f (x, y) =
(
y,1 + x
y
)
.
It is easy to see that if {xn}∞n=−1 is a solution of Eq. (1), then f n(x−1, x0) = (xn−1, xn) for any
n 0. From Lemma 1 we have the following corollary.
Corollary 1. Let (x−1, x0) ∈ E × E and (xn−1, xn) = f n(x−1, x0) for any n 0. If there exists
N  −1 such that (xN − 2)(xN+1 − 2) < 0, then {xn}∞n=−1 converges to a prime period-two
solution of Eq. (1).
Let
A1 =
{
(x, y): 0 < y < x, 0 < y < 2
}
, A2 =
{
(x, y): y > 2, y > x > 0
}
,
A3 =
{
(x, y): x  y  1/2 +√x + 1/4, 0 < x < 2},
A4 =
{
(x, y): 1/2 +√x + 1/4 < y  2, 0 < x < 2},
A5 =
{
(x, y): 1/2 +√x + 1/4 y  x, x > 2},
A6 =
{
(x, y): 2 y < 1/2 +√x + 1/4, x > 2},
L1 =
{
(x, y): y = x, x > 2}, L2 = {(x, y): y = x, 0 < x < 2},
L3 =
{
(x, y): y = 1/2 +√x + 1/4, x > 2},
L4 =
{
(x, y): y = 1/2 +√x + 1/4, 0 < x < 2},
L5 =
{
(x, y): y = 2, x > 2}, L6 = {(x, y): y = 2, 0 < x < 2}.
Lemma 2. The following statements are true:
(i) f is a homeomorphism;
(ii) Ai ∩ Aj = ∅ for 1 j < i  6 and ⋃6i=1 Ai = E × E − {(2,2)};
(iii) f (A6) = {(x, y) ∈ A2: x  2} and f (A4) = {(x, y) ∈ A1: y > 1, x  2};
(iv) f (A1) = {(x, y) ∈ A2: x < 2} and f (A2) = {(x, y) ∈ A1: x > 2, 2 > y > 1};
(v) f (A5) = A5 ∪ A6 with f (L3) = L1 and f (L1) = L5;
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A3: y > 1}.
Proof. (i) We claim that f is a bijection. Indeed, if (x1, y1), (x2, y2) ∈ E × E, then f (x1, y1) 	=
f (x2, y2). On the other hand, for any (u, v) ∈ E × (1,+∞). Choose ((v − 1)u,u) ∈ E ×E, then
f ((v − 1)u,u) = (u, v). The claim is proven.
Furthermore, since f −1(u, v) = ((v − 1)u,u) is continuous, f is a homeomorphism.
(ii) It is trivial.
(iii) Let (x, y) ∈ A6 and (u, v) = f (x, y) = (y,1 + x/y), then we have
2 y < 1/2 +√x + 1/4 and x > 2,
from which it follows
2 u < v.
Thus (u, v) ∈ {(x, y) ∈ A2: x  2}. It is easy to see that f (L3) = L1 and f (L5) = {(2, y):
y > 2}. Since f is a homeomorphism, f (A6) = {(x, y) ∈ A2: x  2}. In a similar fashion, we
may show f (A4) = {(x, y) ∈ A1: y > 1, x  2}.
(iv) Let (x, y) ∈ A1 and (u, v) = f (x, y) = (y,1 + x/y), then we have
0 < y < x and 0 < y < 2,
from which it follows
0 < u < 2 and v > 2.
Thus (u, v) ∈ {(x, y) ∈ A2: x < 2}. It is easy to see that f (L2) = L6 and f (L5) = {(2, y):
y > 2}. Since f is a homeomorphism, f (A1) = {(x, y) ∈ A2: x < 2}. In a similar fashion, we
may show f (A2) = {(x, y) ∈ A1: x > 2, 2 > y > 1}.
(v) Let (x, y) ∈ A5 and (u, v) = f (x, y) = (y,1 + x/y), then we have
1/2 +√x + 1/4 y  x and x > 2,
from which it follows
2 v  u and u > 2.
Thus (u, v) ∈ A5 ∪ A6. It is easy to see that f (L3) = L1 and f (L1) = L5. Since f is a homeo-
morphism, we have f (A5) = A5 ∪ A6.
(vi) Let (x, y) ∈ A3 and (u, v) = f (x, y) = (y,1 + x/y), then we have
1/2 +√x + 1/4 y  x > 0 and x < 2,
from which it follows
2 v  u, v > 1 and u < 2.
Thus (u, v) ∈ A4 ∪W . Since f (L4) = {(x, y) ∈ L2: x > 1} and f (L2) = L6, it follows f (A3) =
A4 ∪ W . Lemma 2 is proven. 
Let P0 = A5, Q0 = A3 and W = {(x, y) ∈ A3: y > 1}. Write
Pn = f −1(Pn−1) and Qn = f −1(Qn−1 ∩ W) for any n 1.
From Lemma 2 we have P1 = f −1(P0) ⊂ P0 and Q1 = f −1(W) ⊂ Q0, which implies that
Pn ⊂ Pn−1 and Qn ⊂ Qn−1 for any n 1.
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{xn}∞n=−1 of Eq. (1) converges to the unique equilibrium x = 2. Then we have the following
theorem.
Theorem 1. S = {(2,2)} ∪ [⋂∞n=0(Pn ∪ Qn)].
Proof. Let (x−1, x0) ∈ {(2,2)}∪ [⋂∞n=0(Pn ∪Qn)] and {xn}∞n=−1 is a positive solution of Eq. (1)
with initial values (x−1, x0).
If (x−1, x0) = (2,2), then {xn}∞n=−1 is a trivial solution of Eq. (1), which implies (2,2) ∈ S.
If (x−1, x0) ∈⋂∞n=0 Pn, then f n(x−1, x0) = (xn−1, xn) ∈ A5 for any n  0. Thus {xn}∞n=−1
consists of a semicycle, it follows from Lemma 1 that (x−1, x0) ∈ S.
If (x−1, x0) ∈⋂∞n=0 Qn, then f n(x−1, x0) = (xn−1, xn) ∈ A3 for any n  0. Thus {xn}∞n=−1
consists of a semicycle, also it follows from Lemma 1 that (x−1, x0) ∈ S.
Now let (x−1, x0) ∈ E ×E −{(2,2)} ∪ [⋂∞n=0(Pn ∪Qn)] and {xn}∞n=−1 is a positive solution
of Eq. (1) with initial values (x−1, x0).
If (x−1, x0) ∈ A1 ∪A2 ∪A4 ∪A6, then by Lemma 2(iii)–(iv) we have f 2(x−1, x0) = (x1, x2) ∈
{(x, y): (x − 2)(y − 2) < 0}, it follows from Corollary 1 that (x−1, x0) /∈ S.
If (x−1, x0) ∈ A5 −⋂∞n=1 Pn, then there exists n 0 such that
(x−1, x0) ∈ Pn − Pn+1 = f −n(A5) − f −n−1(A5),
from which it follows
f n(x−1, x0) = (xn−1, xn) ∈ A5 − f −1(A5).
By Lemma 2(v), we have f n+1(x−1, x0) ∈ A6, which implies f n+3(x−1, x0) = (xn+2, xn+3) ∈
{(x, y) ∈ A1: x > 2, 2 > y > 1}, it follows from Corollary 1 that (x−1, x0) /∈ S.
If (x−1, x0) ∈ A3 −⋂∞n=1 Qn, then there exists n 0 such that
(x−1, x0) ∈ Qn − Qn+1 = Qn − f −1(Qn ∩ W),
from which it follows
f n(x−1, x0) = (xn−1, xn) ∈ A3 − f −1(A3 ∩ W).
By Lemma 2(vi), we have f n+1(x−1, x0) ∈ A4, which implies f n+3(x−1, x0) = (xn+2, xn+3) ∈
{(x, y) ∈ A2: x < 2}, it follows from Corollary 1 that (x−1, x0) /∈ S. Theorem 1 is proven. 
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